We present a method to calculate, without making assumptions about the local dark matter velocity distribution, the maximal and minimal number of signal events in a direct detection experiment given a set of constraints from other direct detection experiments and/or neutrino telescopes. The method also allows to determine the velocity distribution that optimizes the signal rates. We illustrate our method with three concrete applications: i) to derive a halo-independent upper limit on the cross section from a set of null results, ii) to confront in a halo-independent way a detection claim to a set of null results and iii) to assess, in a halo-independent manner, the prospects for detection in a future experiment given a set of current null results.
Introduction
Numerous observations point towards the existence of a population of a non-luminous matter component in galaxies, clusters of galaxies and the Universe at large scales, dubbed dark matter (for reviews, see [1] [2] [3] ). A plausible hypothesis for the nature of the dark matter is that it is constituted by new particles not contained in the Standard Model. If correct, dark matter particles would scatter on nuclei, leading to potential tests of the particle dark matter hypothesis and to the eventual determination of its characteristics, such as its mass and the strength of its interactions with ordinary matter.
Various search strategies have been proposed based on the possibility that dark matter particles could scatter with nuclei. Direct detection experiments aim to detect the nuclear recoil induced by the elastic scattering of the dark matter particles traversing a detector at the Earth [4] . This search strategy requires an exquisite suppression of the rate of recoils by electromagnetic interactions of α-particles, electrons, and photons produced by the radioactive isotopes in the surrounding material, as well as by nuclear interactions of neutrons produced by natural radioactivity (for a review, see e.g. [5] ). Alternatively, one may search for the characteristic annual modulation of the rate of dark matter induced scatterings against the, mostly time-independent, rate of background events [6, 7] . A complementary strategy consists in the search, using neutrino telescopes, of a flux of high energy neutrinos correlated to the direction of the Sun, which is hypothetically produced in the annihilation of dark matter particles previously captured in the Sun via a series of scatterings with the matter in the solar interior [8] .
The interpretation of the experimental results in a concrete model of particle dark matter suffers from various nuclear and astrophysical uncertainties. Concretely, the rate of dark matternucleus scatterings crucially depend on the flux of dark matter particles impinging the target material, which in turn depends on the dark matter number density and velocity distribution inside the Solar System. It is common in the literature to adopt a local dark matter density ρ loc ≈ 0.3 GeV/cm 3 and a velocity distribution in the galactic rest frame with a MaxwellBoltzmann form. While the adopted value of the local dark matter density is well motivated by astronomical observations (see e.g. [9] ), the form of the velocity distribution is totally unknown and relies purely on theoretical considerations. The Maxwell-Boltzmann form arises as the solution to the collisionless Boltzmann equation for a dark matter distribution consisting on an isotropic, isothermal sphere with density distribution ρ(r) ∼ r −2 [6] . On the other hand, Nbody simulations indicate that a Maxwellian distribution might not provide a good description of the smooth halo component [10] [11] [12] [13] [14] [15] . Furthermore, it has been argued that the dark matter halo of our Galaxy might contain tidal streams or a dark disk component [16] [17] [18] [19] which may induce significant deviations in the velocity distribution from the Maxwell-Boltzmann form and in turn affect the interpretation of dark matter search experiments [20] [21] [22] [23] [24] (however, the existence of a dark disk in the Milky Way has been questioned in [25] [26] [27] and seems to be disfavored by observations [28] ). More recently, hydrodynamical simulations have suggested that the average velocity distribution at the position of the Solar System may be well described by a Maxwell-Boltzmann form [26, 27, 29] . However, this conclusion is based on a sample of particles enclosed in a fairly large volume and deviations from the Maxwellian form at the scales of the Solar System cannot be precluded.
Our current ignorance of the dark matter velocity distribution inside the Solar System represents an important source of uncertainty in the analysis of direct detection experiments and motivates the development of halo-independent methods. In [30, 31] it was proposed a method to map experimental signals from one detector to another by introducing a variable that includes both the information about the dark matter scattering cross section and the integrated velocity distribution, often denoted as η(v min ). This method has been applied to quantify the compatibility of a positive claim with a null result in a halo-independent way, by comparing measurements and upper limits of this variable from different direct detection experiments [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . Other works focus on the dark matter parameter estimation in case a positive signal is detected in a direct detection experiment, either using general parametrizations of the velocity distribution [21, [42] [43] [44] , or by decomposing the velocity distribution into a number of streams [45, 46] . Other methods exploit the complementarity of direct search experiments and neutrino telescopes in probing different parts of the dark matter velocity distribution, and have derived halo-independent constraints on the dark matter properties from combining two null search experiments [47] , or investigated the implications of a positive signal in a direct detection experiment for the forecast neutrino flux from the Sun [48] or, in the event that a signal is also detected at a neutrino telescope, for the reconstruction of the dark matter parameters [49] .
In this paper we develop a new method to compare, in a halo independent manner, the outcome of two or more experiments probing the dark matter distribution inside the Solar System. Utilizing the fact that the flux of dark matter particles, and therefore the rate of scatterings with nuclei, is linear in the velocity distribution, we apply techniques of linear programming to determine the velocity distribution that minimizes/maximizes the outcome of one experiment subject to the constraints from other experiments. We also illustrate this approach with three concrete applications: i) to derive a halo-independent upper limit on the cross section from a set of null results, ii) to confront in a halo-independent way a detection claim to a set of null results and iii) to assess, in a halo-independent manner, the prospects for detection in a future experiment given a set of current null results.
This work is organized as follows. In Section 2 we review the formalism to calculate the rate and the modulation signal of dark matter induced scatterings at a direct detection experiment, as well as the dark matter capture rate in the Sun. In Section 3 we present our method to optimize the outcome of an experiment given the constraints from other experiments, and in Section 4 we discuss some concrete applications of our method. Finally, in Section 5 we present our conclusions and an outlook.
Approaches to dark matter detection in the Solar System
We postulate that the dark matter distribution inside the Solar System is spatially homogeneous and has density ρ loc , is constant over time, and has a velocity distribution relative to the solar frame f ( v) normalized such that
where v ≡ | v| and v max is the maximal velocity of a dark matter particle that is gravitationally bound to the galaxy, expressed in the solar frame. Throughout the paper, we will adopt v max 777 km/s, which is the sum of the galactic escape velocity 533 km/s [50] and the local velocity of the Sun with respect to the halo 244 km/s [51] [52] [53] .
Three different methods have been proposed to test the particle nature of the putative dark matter population inside the solar system: the search for dark matter induced nuclear recoils in a direct detection experiment [4] , the search for the characteristic annual modulation signal in the rate of nuclear recoils [7] and the search for a high energy neutrino flux from the Sun from the annihilation of dark matter particles captured in the solar interior via scatterings [8] .
The rate of nuclear recoils induced by scatterings of dark matter particles traversing a detector at the Earth can be calculated from:
Here, v (D) denotes the dark matter velocity in the frame of the detector D, hence the velocity distribution of dark matter particles is f ( v (D) + v obs (t)), with v obs (t) the (time-dependent) velocity of the observer relative to the Sun, given by [54] :
where v ⊕ = 29.8 km/s is the absolute value of the Earth's velocity with respect to the Sun, ω = 2π/year, t phase = 0.218 is the time of Spring equinox in units of years, and e 1 and e 2 are unit vectors in the direction of the Sun during Spring equinox and Summer solstice, which in galactic coordinates read e 1 = (−0.0670, 0.4927, −0.8676), e 2 = (−0.9931, −0.1170, 0.01032) [55] . Besides, dσ i /dE R is the differential cross section for the elastic scattering of a dark matter particle off a nuclear isotope i with mass m A i and mass fraction ξ i in the detector, producing in the scattering a nucleus with energy E R . Furthermore, v
) is the minimal velocity necessary for a dark matter particle to induce a recoil with energy E R , with µ A i being the reduced mass of the dark matter-nucleus scattering, and i (E R ) is the probability to detect a nuclear recoil off the target nucleus i with energy E R . Finally, the number of expected recoil events at a direct detection experiment reads N = R · E, with E the exposure of the experiment.
Due to the changing direction of the Earth's velocity relative to the Sun's velocity, the flux of dark matter particles at Earth is expected to change with a one-year periodicity, leading to an annual modulation in the rate of nuclear recoils which could be detected in an experiment with sufficiently long exposure [7] . The modulation signal is defined as the difference of the recoil rates at June 1st and December 1st, averaged over the energy interval [E − , E + ], namely:
where
is the total event rate in that bin at the time t, which can be calculated from Eq. (2) . This definition is motivated by the fact that in the Standard Halo Model the maximum rate of high energetic recoils is expected around June 1st and the minimum around December 1st; in this case, S [E − ,E + ] can be identified with the amplitude of the annual modulation signal. Finally, dark matter particles traversing the Sun could scatter off nuclei in the solar interior, lose energy and eventually sink to the center. This process leads to an overdensity of dark matter particles in the solar interior, where annihilations can occur at a rate which can be sufficiently large to allow observation at Earth of the high energy neutrinos produced in the annihilation [8] . Assuming that dark matter captures and annihilations occur at the same rate in the solar interior, the neutrino flux from annihilations in the Sun is completely determined by the capture rate, which is given by [56] 
where η i (r) is the number density of the element i at a distance r from the solar center (for which we adopt the solar model AGSS09 [57] ), R is the solar radius, v esc (r) is the escape velocity from the Sun at the distance r from the center, and v
the maximum velocity of a dark matter particle such that the capture in the Sun at r remains kinematically possible after scattering with the element i. The theoretical interpretation of the outcome of any of the three search strategies described above is subject to uncertainties from our ignorance of the nature of the dark matter particle and its interactions with nuclei, as well as of the density and velocity distribution inside the Solar System. It is common in the literature to cast the differential cross section as (see e.g. [58] )
where σ SI and σ SD are, respectively, the spin-independent (SI) and spin-dependent (SD) cross sections at zero momentum transfer, which can be calculated in a concrete dark matter model in terms of its fundamental parameters, while F SI,i (E R ) and F SD,i (E R ) are form factors that depend on the nucleus. In our work, we will assume that the scattering cross sections off protons and off neutrons are identical, and we will adopt the form factors reported in [59] for the SI scattering, in [60] for the SD scattering off the nuclei relevant for direct detection experiments, and in [61] for the SD scattering off the nuclei relevant for the dark matter capture in the Sun. Therefore, we will treat as free parameters the dark matter mass m DM and the SI and SD cross sections at zero momentum transfer, σ SI and σ SD . Besides, it is common to assume a local dark matter density ρ loc = 0.3 GeV/cm 3 and a velocity distribution in the galactic rest frame following a Maxwell-Boltzmann distribution. Under these assumptions, the results from experiments can be cast as limits on the SI or SD cross sections as a function of the dark matter mass (or allowed regions, for experiments reporting a positive signal). While the Maxwell-Boltzmann form for the velocity distribution can be justified theoretically for a dark matter population in thermal equilibrium with density distribution ρ(r) ∼ r −2 , significant deviations from this simple structure cannot be precluded, especially at small scales as is the case of the Solar System. In the next section we will present a method to derive limits on the cross section from combining information of various direct detection experiments and/or neutrino telescopes, and which does not rely on the choice of the velocity distribution.
Signal optimization
Our goal is to optimize the outcome of an experiment A, N (A) (where N can be the recoil rate, R, the modulation signal, S, or the capture rate, C), given the upper limits on the outcome of p experiments min with α = p + 1, ..., p + q, with the requirement that the velocity distribution is normalized to unity.
To this end, we use the identity
which physically can be interpreted as a decomposition of the dark matter velocity distribution into a superposition of streams with fixed velocity v 0 (and velocity distribution f v 0 = δ( v − v 0 )) and with weight f ( v 0 ). Each stream produces in a given experiment the outcome N v 0 , and the outcome produced by the true velocity distribution f ( v) can then be obtained multiplying the contribution from each stream by its weight, f ( v 0 ), and summing over all the streams conforming the velocity distribution. Namely,
The optimization problem can then be written as:
subject to
and
where F[f ] is a functional of the velocity distribution. It is important to note that the objective functional F[f ] and all the constraints are linear in the velocity distribution f , therefore the optimization using calculus of variations does not provide a solution. 1 We will then apply linear programming techniques to find the velocity distribution that optimizes the signal at the experiment A with the constraints listed above. To this end, we first discretize the velocity distribution into a finite sum of n streams with velocity v i , i = 1, ..., n:
with c i the weight of the stream
Then, the discretized optimization problem can be written as:
where F (c v 1 ..., c vn ) is a function of the weights. Finally, after straightforward algebra, the discretized optimization problem can be cast in the standard form of linear programming prob-lems:
Here F (c v 1 ..., c vn ) is identified with the objective function, which depends on the "decision variables", c v i , i = 1, ..., n, which correspond in this case to the weights of the streams. Besides,
contains, in addition of the "decision variables", a set of p "slack variables", s α , and q "surplus variables", s α , which are introduced to cast the inequality constraints Eqs. (17, 18) in the form of an equality constraint, as in Eq. (21) . In the latter equation, M is a (p + q + n) × (p + q + 1) matrix which explicitly reads
and b i are the components of the (p+q+1)-dimensional vector (1, N [62] ). If the rows of the matrix M are linearly independent, then there are p + q + 1 variables taking non-zero values (so-called "basic variables"), while the remaining n − 1 variables must vanish. One should note that slack and surplus variables can also be basic, therefore the solution does not necessarily contain p + q + 1 non-vanishing decision variables. In fact, when r of the constraints are not saturated (namely, when r constraints are "not active"), then there are r corresponding slack or surplus variables which are basic, and hence only p+q +1−r non-vanishing decision variables. We then conclude that the optimized velocity distribution consists on a superposition of p + q + 1 − r streams, with r the number of inequality constraints that are not saturated, and therefore contains a maximum of p + q + 1 streams and a minimum of 1 stream.
This approach has a number of applications:
i. Derive a halo-independent upper limit on the cross section from a set of null results.
We consider the null search experiments A and B α , α = 1, ..., p, with outcomes
max . We calculate, for a fixed dark matter mass and interaction cross section, the minimal outcome at the experiment A from varying the velocity distribution, min{N (A) }(σ, m DM ), subject to the constraints from the set of p null results from the experiments B α . The set of parameters m DM and σ is ruled out by the combination of the upper limits from the p experiments B α and the upper limit from the experiment
from where one obtains a halo-independent upper limit on the scattering cross section as a function of the dark matter mass from combining the outcome of p + 1 null results.
We have for this case p upper limit constraints, plus the equality constraint from normalization, therefore the optimized velocity distribution will consist of a superposition of streams, with a number that varies between p + 1 (when all upper limits are saturated) and 1 (when no upper limit is saturated).
ii. Confront a detection claim to a set of null results in a halo independent manner.
We consider the experiment A, with outcome
max , and the experiments
max for α = q + 1, ..., p. Namely, the experiments B α , α = 1, ..., q, report the detection of a signal, while the experiments A and B α , α = q + 1, ..., p, report upper limits. We now minimize, with respect to the velocity distribution, the outcome of the null search experiment A for a given value of the dark matter mass and cross section, min{N
The set of parameters m DM and σ is incompatible with the upper limits from the experiment A and the p experiments B α , α = 1, ..., p, and with the detection claim of the q experiments B α , α = 1, ..., q, if
We have for this case p upper limit and q lower limit constraints, plus the equality constraint from normalization. On general grounds, the optimized velocity distribution contains p + q + 1 streams, however it is clear that q of the weights must vanish, since the slack and the surplus variables corresponding to the upper and the lower bounds reported by the same experiment cannot be zero simultaneously (this would require to saturate at the same time the lower and the upper bound). Therefore, also for this case the velocity distribution must be a superposition of streams, with a number that varies between p + 1 (when all upper limits are saturated) and 1 (when no upper limit is saturated).
iii. Assess, in a halo-independent manner, the prospects for detection in a projected experiment given a set of upper limits from current experiments.
We consider the experiments B α , α = 1, ..., p, providing the null results
max and the projected experiment A, which can claim detection if the outcome of the experiment is larger than N (A) det . We maximize the outcome of the experiment A for a given value of the dark matter mass and interaction cross section, max{N (A) }(σ, m DM ), subject to the
The regions of the parameter space where dark matter will escape detection at the experiment A are defined by the condition:
As for the application i, also in this case the optimized velocity distribution will consist of a superposition of streams, with a number that varies between p + 1 and 1.
Furthermore, the regions of the parameter space that will be ruled out in a halo independent manner, in case of no detection, can be derived along the lines of our application i:
In the next section we will illustrate these three applications with concrete examples.
Applications

Upper limit on the cross section from combining two null results
We illustrate this application of our method calculating a halo independent upper limit on the scattering cross section from combining the null results from a direct detection experiment and the null results from a neutrino telescope. Concretely, we will use the upper limit on the number of recoil events at PandaX Run 8 [63] and 9 [64] for the SI interaction, or from PICO-60 [65] for the SD case, and the upper limit on the capture rate from IceCube, using 532 days of data, [66] and Super-Kamiokande, using 3903 days of data, [67] , assuming for concreteness annihilations into
We note that the process of capture in the Sun does not depend on the characteristics of the neutrino telescope, therefore, for a given dark matter mass, it suffices to consider only the most stringent bound between the two. In our analysis, we will fix the time-dependent velocity of the Earth to the value giving the smallest recoil rate, such that our constraints can be regarded as conservative. Furthermore, with this prescription the initial problem of calculating the three-dimensional dark matter velocity distribution simplifies to a one-dimensional problem; for our implementation of the linear programming methods, we discretize the one-dimensional velocity space with 775 streams. 2 We show the corresponding halo independent upper limits on the spin independent and spin dependent cross sections in Fig. 1 .
We also show, as a dashed line, the halo independent upper limit on the scattering cross section from considering the null results from neutrino telescopes only, and which follows from the fact that neutrino telescopes probe the whole velocity space. More specifically, they correspond to the requirement min{C}(σ, m DM ) ≥ C max . Details how to calculate R max and C max are provided in Appendix B. The Figure also shows, for comparison, the upper limits published by the corresponding direct detection experiment or neutrino telescope, assuming the Standard Halo Model (SHM).
The limits we obtain are remarkably strong and reach σ p SI 3 × 10 −44 cm 2 for the SI and σ p SD
10
−39 cm 2 for the SD scattering cross sections for m DM ∼ 1 TeV, assuming a local dark matter density ρ DM = 0.3 GeV/cm 3 . We note that for very large dark matter masses it is not possible to derive a halo independent upper limit on the cross section. The reason is that, in this regime, capture in the Sun is possible only when the velocity in the Solar frame is v ≤ max r,i {v max,i (r)} max i 2v esc (0) m A i /m DM , where the maximum is taken over all possible distances to the center of the Sun and nuclei. On the other hand, nuclear recoils can be detected in a direct search experiment only when the velocity in the detector frame is v PICO-60 (SHM) IceCube/Super-Kamiokande (SHM)
Halo independent upper limit Halo independent upper limit (neutrino telescopes only)
Figure 1: Halo independent upper limits on the spin independent (left plot) and the spin dependent (right plot) scattering cross section as a function of the dark matter mass from combining the null results from PandaX (left plot) or PICO-60 (right plot) with those from the neutrino telescopes Super-Kamiokande and IceCube, as well as from neutrino telescopes only, assuming annihilation into
We also show for comparison the upper limits reported by these experiments assuming the Standard Halo Model.
; in this case the minimum must be taken over all nuclear species in the detector. Clearly, for sufficiently large dark matter masses, it is always possible to construct a velocity distribution consisting of streams with velocities which are too large to allow capture in the Sun and too small to produce a detectable nuclear recoil. These velocity distributions produce no signal in the direct detection experiment nor in the neutrino telescope and are therefore unconstrained. Concretely, for our concrete example the maximum mass that can be probed with our halo independent approach assuming scattering via the SI interaction only is m DM ∼ 165 TeV from combining PandaX and IceCube, 3 and assuming the SD interaction only, m DM ∼ 4.5 TeV from combining PICO-60 and IceCube.
For this specific application it is possible to determine analytically, for a given dark matter mass and cross section, the smallest possible scattering rate at a direct detection experiment compatible with the null results from a neutrino telescope, as well as the requirement that the velocity distribution is normalized to unity (for details, see Appendix A). For a given dark matter mass, if the cross section is sufficiently small, the predicted capture rate for any stream configuration will be smaller than the upper limit from neutrino telescopes. Therefore, as the upper limit constraint cannot be saturated, there is only one non-vanishing decision variable, hence the optimized velocity distribution consists on just one stream. Clearly, the stream that produces the smallest recoil rate has zero velocity and accordingly the minimum recoil rate is zero. As the cross section increases, the upper limit constraint is saturated, the corresponding slack variable vanishes, and therefore there are two non-vanishing decision variables and the optimized velocity distribution consists of two streams. 4 In this part of the parameter space we find two possible solutions to the minimization problem:
with → 0 andv defined by Cv = C max , giving a rate
giving a rate
The optimized velocity distribution depends on the point in the parameter space and corresponds to the one giving the minimum between R I and R II . Finally, for a given dark matter mass, the regions of the parameter space which are incompatible with the null search results from the given direct detection experiment and neutrino telescope are determined from
The region of the parameter space which is excluded using null results from neutrino telescopes only (bounded in Fig. 1 with a dashed line), can also be determined analytically. The velocity distribution that minimizes the capture rate in the Sun, with the only constraint that the velocity distribution is normalized to unity, consists of a single stream with velocity v 0 . This velocity can be calculated from ∂C v /∂v v=v 0 = 0 which, due to the fact that the capture rate for streams decreases monotonically with the velocity, is achieved for v 0 = v max . The excluded region is then defined by min{C}(σ, m DM ) = C vmax (σ, m DM ) ≥ C max .
DAMA confronted to null results
The DAMA collaboration has reported a non-zero annual modulation of the scintillation light in sodium iodine detectors. The modulation has been consistently observed over 14 annual cycles, with a combined significance of 9.3σ [69] . Concretely, the modulation signal, as defined in Eq. . It has been claimed that the measured annual modulation could be explained from the time-dependent rate of scatterings of dark matter particles with the nuclei in the detector, which results from the changing alignment of the Earth's velocity with respect to the Sun's over the course of the year [69] . However, assuming the Standard Halo Model, the values of the dark matter parameters necessary to explain the measured modulation signal are in conflict with various null results, for instance, with the upper limits on the SI cross section from PandaX [63] , IceCube [66] and Super-Kamiokande [67] , and with the upper limits on the SD cross section from PICO-60 [65] , IceCube [66] and Super-Kamiokande [67] , among other experiments (a similar conclusion holds when considering the most general effective interaction compatible with the Galilean symmetry [70] ).
Here, we apply our method to investigate, in a halo independent manner, the compatibility of the modulation signal reported by DAMA with the null results from direct detection experiments and/or from neutrino telescopes; in our analysis we will adopt as quenching factors Q Na = 0.30 and Q I = 0.09, as used by the DAMA collaboration in [71] , and we include the effects of channeling (and dechanneling) as described in [72] , adopting the largest values for the channeling fractions. For a fixed dark matter mass and cross section, we discretize the three-dimensional velocity space, expressed in galactic coordinates, in 100000 streams, and we calculate for each of the streams the modulation signal at DAMA, as defined in Eq. (4) [3.0, 3.5] are incompatible with the null results from PandaX or from PICO-60, respectively. The regions shown in pink, on the other hand, are compatible with the direct detection experiments, given our set-up. Some parts of this region, on the other hand, may be also excluded when taking into account in the analysis other constraints. For instance, the DAMA experiment has observed an annual modulation following approximately a cosine function, with a maximum in late May and a minimum in late November. However, our maximized solutions consist of a small number of streams, hence the time dependence of the recoil rate is expected to be more complex than a cosine function (see e.g. [7] ), with a maximal rate not necessarily expected at June 1st, nor a minimal rate at December 1st, and with an amplitude different to the one given by the definition of the modulaton signal Eq. (4). Therefore, we expect that, if one adds to the set of constraints the requirement of reproducing the measured modulation rate in different time bins (or, alternatively, the requirement of reproducing the different coefficients in the Fourier series), then the excluded region will become larger. In this paper, and in order to illustrate our method, we just apply the simple test of reproducing the modulation signal, as defined in Eq. (4), in the three energy bins under consideration, deferring more detailed analyses for future work. Finally, we also show in the plots for comparison the upper bounds on the cross section reported by the corresponding direct detection experiments, as well as the regions favored by DAMA for the SI and SD interaction, taken respectively from [73] and from [74] , all assuming the Standard Halo Model.
It is notable that there exist velocity distributions for which the DAMA signal is compatible with the null results from PandaX and PICO-60.
5 Following the general discussion in Section 3, the velocity distribution that minimizes the rate at a direct detection experiment subject to the constraint of reproducing the modulation signal in three energy bins as reported by DAMA, and subject to the normalization constraint, consists of the superposition of a maximum of four streams. In Table 1 we show the characteristics of the streams conforming the velocity distribution that minimizes the rates at PandaX and PICO-60, while reproducing the DAMA modulation signal, taking as benchmark values for the dark matter parameters m DM = 10 GeV and σ SI = 10 −37 cm 2 for the former, and m DM = 3000 GeV and σ SD = 10 −34 cm 2 for the latter. The velocity distribution that minimizes the rate at PandaX consists of three streams with maximal velocities during the period of data taking, relative to the detector frame, equal to 257.1, 264.3 and 255.1 km/s. The streams #1 and #3 have maximal velocities smaller than the minimum velocity required to induce observable nuclear recoils for this DM mass, v (PandaX) min = 259.6 km/s, therefore, these streams produce no signal at PandaX. However, stream #2 is above the threshold and can produce observable recoils. In this case, we obtain 0.0036, which is below the upper limit reported by PandaX. On the other hand, the three streams have velocities, both in June 1st and in December 1st, which are large enough to produce recoils in the DAMA experiment with energy between 3.0 and 3.5 keV, as the velocity threshold in this bin is v (DAMA[3.0,3.5] ) min = 143.9 km/s. Therefore, these streams can produce a modulation signal, as defined in Eq. (4), in the three energy bins, [2.0, 2.5], [2.5, 3 .0] and [3.0, 3.5] keV; the weights and directions of the streams are such that the modulation signal in each of these three bins is reproduced. Similarly, the velocity distribution that minimizes the rate at PICO-60 in our benchmark point consists of four streams with maximal velocities in the detector frame equal to 112. 4 We note that in both cases the optimized solutions contain streams with velocities very close to the threshold of the experiment. Namely, for the SI interaction, stream #2 has a maximum velocity during the period of data taking slightly above the threshold and produces a non-zero number of events at PandaX, although below the measured upper limit, while for the SD interaction, stream #2 has a maximum velocity slightly below the threshold and produces no event. Therefore, even small perturbations of these configurations may induce a number of recoil events in excess of the upper limit reported by the experiments. More concretely if these two streams are smeared by a Gaussian distribution with width ∆v = 1.7 km/s and ∆v = 1.6 km/s, respectively, these velocity distributions would be excluded.
As apparent from the figure, there exists a minimum value of the cross-section necessary to produce the DAMA modulation signal while circumventing the null results from PandaX and PICO-60. Our analysis also shows that there exist solutions for arbitrarily large cross sections. To elucidate this point, let us consider the optimized velocity distribution for our benchmark dark matter parameters m DM = 10 GeV and σ SI = 10 −37 cm 2 , assuming the SI interaction only, and which consists of three streams. Clearly, an increase in the cross section can be compensated with a decrease of the weights of the three streams, such that the rates at PandaX and DAMA remain the same. In doing this, however, the velocity distribution is no longer normalized to unity. On the other hand, this can be amended by introducing a fourth stream, with velocity below the thresholds of both experiments, and with a weight chosen to fulfill the normalization condition. Therefore, it is always possible to construct a velocity distribution that compensates the increase in the cross section and which produces the same number of recoil events. One should also note that as the cross section increases, a smaller and smaller spread in the streams is required in order not to produce a number of recoil events in PandaX in excess with observations, and the solution becomes accordingly more and more tuned.
The bottom panels of Fig. 2 In this case the optimized velocity distribution also consists of a maximum of four streams; the characteristics of these streams are shown in table 4.2, taking the same benchmark dark matter parameters as in table 1: m DM = 10 GeV and σ SI = 10 −37 cm 2 for the SI interaction, m DM = 3000 GeV and σ SD = 10 −34 cm 2 for the SD interaction. The optimized velocity distribution, assuming only the SI interaction, consists of two streams with fairly high velocities, 728.0 and 734.2 km/s in the rest frame of the Sun, and one stream with lower velocity, 362.8 km/s, but with a very small weight. Dark matter particles in these three streams can be captured inside the Sun at a sufficiently large rate to achieve equilibration, and generate in annihilations a neutrino flux in excess with observations. For the benchmark point for the SD interaction, on the other hand, the dark matter particles in the three streams have a large kinetic energy, so that after scattering with one nucleus in the solar interior and transferring part of its energy, the DM particle still has a velocity which is larger than the escape velocity. Capture in this case is very inefficient and as a result these streams are untestable using neutrino telescopes.
For very large values of the cross section we find no allowed solutions, contrary to the behavior found when comparing DAMA with the null results from direct detection experiments (the excluded regions in the bottom panels of Fig. 2 lie, however, outside of the Figure) . Following a similar rationale as for the combination of DAMA with other direct detection experiments, an increase in the cross section can be compensated with a decrease in the weights of the streams reproducing the DAMA signal, whereas the normalization condition can be fulfilled by postulating an additional stream with velocity below the threshold of the experiment. Now, the dark matter particles in this low-velocity stream can be efficiently captured inside the Sun, due to the large cross section, and therefore produce a neutrino flux. As a result, reproducing the DAMA 
| denotes the stream velocity in the solar frame.
modulation signal with the constraints on the capture rate from neutrino telescopes, translates into a lower and an upper bound on the scattering cross section; the former, from requiring a large enough modulation signal, and the latter, from requiring a small enough capture rate.
One should note that the velocity distribution that minimizes the recoil rate at a direct detection experiment and the one that minimizes the capture rate at the Sun are qualitatively different: in the former case, the velocity distribution should not contain streams with very high velocities (or have a small weight), in order to prevent a too large scattering rate at PandaX or PICO-60, and in the latter, the velocity distribution should not contain streams with very low velocities (or have a small weight) in order to prevent efficient capture inside the Sun. As the requirements for the velocity distributions are opposite, it is interesting to investigate whether there exist velocity distributions for which the DAMA modulation signal can be made compatible with the null results from other direct detection experiments and from the null results from neutrino telescopes.
We have applied our method to calculate the minimum number or recoil events at PandaX and PICO-60, with the constraints of correctly reproducing the DAMA modulation signal in the three relevant energy bins, the upper limit on the capture rate from neutrino telescopes, and the normalization condition (in this case, the optimized velocity distribution consists of a superposition of a maximum of five streams). The result is shown in Fig.3 . The plot shows that no dark matter particle interacting with nucleons via the SI interaction only can produce the observed signal at DAMA, while being compatible with the null searches from PandaX and from current neutrino telescopes, if the DM mass is in the range 5 GeV-10 TeV, as the number of expected events at PandaX is in this mass range larger than ∼ 3000. Only for very large dark matter masses, where capture in the Sun becomes very ineffective, it is possible to find velocity distributions where the DAMA signal is compatible with the null searches, as neutrino telescopes do not constrain this region of the parameter space. However, as discussed in Subsection 4.1, these regions are in tension with the unitarity limit for thermally produced dark matter and are contrived theoretically. On the other hand, we find that if the DM scatters via the SD interaction only, there are velocity distributions where the experiments considered are compatible, if the DM mass is larger than ∼ 4.5 TeV. However, and as discussed above, the velocity distributions for which DAMA is compatible with the null results from PandaX or PICO-60 require a very small velocity dispersion in the dark matter streams and can be regarded as fine tuned.
Prospects for LZ from current null results
Finally, we apply our halo independent method to assess the prospects to observe a dark matter signal in a future experiment, in view of null results from current experiments. Concretely, we will identify the regions of the parameter space where a signal is expected at the projected LUX-ZEPLIN (LZ) experiment [75] , regardless of the velocity distribution, the regions which will remain untested, and the regions which may produce signals, depending on the velocity distribution. To identify all these regions we will use the null search results from SuperCDMS 6 [76] and/or from the neutrino telescopes IceCube [66] and Super-Kamiokande [67] , when analyzing scattering induced by the SI interaction only, and from PICO-60 [65] and/or from IceCube and Super-Kamiokande, when considering the SD interaction only. As in the rest of this work, we will assume equilibration between dark matter capture and annihilation in the solar interior, and that dark matter annihilates only into
Similarly to the numerical implementation of the method presented in Subsection 4.1, we will fix the timedependent velocity of the Earth to the value giving the smallest (largest) recoil rate over the year, in order to conservatively define the regions which will be tested (remain untestable) at LZ, and in order to reduce the three-dimensional problem of calculating the optimized velocity distribution into a simpler one-dimensional problem; in our calculation we discretized the one-dimensional velocity distribution with 775 streams.
In Fig. 4 we show the values of the SI cross section (left panels) or SD cross section (right panels) where the maximum number of events expected at LZ is smaller than 1 (white regions), as well as the regions where the minimum number of events is larger than 1 (red regions), for all possible choices of the velocity distribution, in view of the current null search results from the direct detection experiments SuperCDMS or PICO-60 (upper panels), from neutrino telescopes (middle panels), or from considering both search strategies simultaneously (lower panels). The regions in white will remain untested, while the regions in red will be fully tested at LZ, regardless of the true velocity distribution. The regions in pink, on the other hand, produce a number of signal events larger than 1, but only for certain choices of the velocity distribution, and hence can only be partially tested. Finally, the regions in gray in the middle and bottom plots show the parameter space excluded by current experiments following our analysis in Section. 4.1. We also show in the Figure, for comparison, the expected reach of the LZ experiment assuming the SHM. Our analysis shows that LZ will be sensitive to σ SI 3 × 10 −45 cm 2 and to σ SD 3 × 10 −40 cm 2 for m DM = 1 TeV, regardless of the velocity distribution of dark matter particles in the Solar System, for a local density ρ loc = 0.3 GeV/cm
3 . Furthermore, it shows that cross sections below σ SI 2 × 10 −47 cm 2 and σ SD 2 × 10 −40 cm (LZ) } ≥ 1, does not exists when imposing in the minimization only the constraints from SuperCDMS: as both SuperCDMS and LZ have a non-zero velocity threshold, it is clear that the minimal rate at LZ compatible with the null search results from SuperCDMS will be equal to zero, corresponding to a single stream at zero velocity. In contrast, neutrino telescopes are sensitive to streams with velocities arbitrarily small, and therefore one expects an impact of the upper limit on the capture rate from the neutrino telescopes on the minimal rate expected at LZ. The minimal rate occurs for the velocity configurations where the upper limit on the capture rate is saturated, and therefore corresponds to two streams, which can be calculated following the lines of Subsection 4.1, under the assumption that LZ will observe less than 1 event. Finally, the gray region in the middle plots is excluded in a halo independent manner by the null searches at neutrino telescopes only, while in the bottom plots, by the combination of the null searches at neutrino telescopes and at PandaX (left panel) or PICO-60 (right panel), as discussed in Subsection 4.1. Figure 4 : Values of the SI cross section (left panels) or SD cross section (right panels) where the maximum number of events expected at LZ is smaller than 1 for all velocity distributions (white regions), is larger than 1 for at least one velocity distribution (pink regions) or is larger than 1 for all velocity distributions (red regions) in view of the current null search results from the direct detection experiments SuperCDMS or PICO-60 (upper panels), from neutrino telescopes (middle panels), or from considering both search strategies simultaneously (lower panels). The gray regions in the middle and bottom plots are ruled out, in a halo independent manner, by current null results from neutrino telescopes only, and from combining null results from neutrino telescopes and direct detection experiments, respectively (cf. Fig. 1 ). We also show in the Figure, for comparison, the expected reach of the LZ experiment assuming the Standard Halo Model.
Conclusions and outlook
The interpretation of any experiment probing the dark matter distribution inside the Solar System (either through the rate of nuclear recoils, the annual modulation signal, or the neutrino flux from the Sun from dark matter particles captured in the solar interior via scatterings) is subject to our ignorance of the local dark matter density and velocity distribution. It is then important to develop methods to extract from the experimental data information about the dark matter properties, without relying on assumptions about the unknown astrophysics.
In this paper we have developed a new method to calculate the minimum/maximum number of signal events in an experiment probing the dark matter distribution inside the Solar System, in view of a number of constraints from direct detection experiments and/or neutrino telescopes. The method is based in a decomposition of the velocity distribution into a linear combination of an arbitrarily large number of dark matter streams. Then, using the fact that the rate of signal events in a direct detection experiment or in a neutrino telescope is linear in the velocity distribution, we have applied methods of linear programming to optimize the rate in one experiment given a number of constraints from other experiments, and imposing that the velocity distribution must be normalized to unity. For p upper limit constraints, we show that the optimized velocity distribution is composed of p + 1 − r streams, where r is the number of upper limit constraints which are not saturated. The velocities of the streams can be calculated numerically using linear programming methods, although in some simple cases the optimized values can also be derived analytically or semi-analytically.
We have illustrated our method with three concrete applications. First, we have derived a halo-independent upper limit on the spin-independent and spin-dependent cross sections from combining the null search results from the neutrino telescopes IceCube and Super-Kamiokande, assuming annihilations into 165 TeV for the spin-independent interaction and m DM 4.5 TeV for the spin-dependent interaction. These solutions only arise when channeling effects in the NaI crystal are included in the analysis of the experimental results. Further tests to these solutions, such as the requirement of reproducing not only the difference in rates between June 1st and December 1st, but also the time dependence of the modulation signal, may rule out some of them. Moreover, these solutions are very fine tuned, and require the streams to be oriented in very concrete directions and with very little dispersion. Even small deviations from these configurations produce a number of events in PandaX or PICO-60 in excess of observations. Finally, we have assessed the prospects to observe dark matter induced recoils at the projected LZ experiment in view of the current null search results from IceCube, SuperKamiokande, SuperCDMS (for the spin-independent interaction) and PICO-60 (for the spindependent interaction). We find that LZ will find, assuming m DM = 
Note Added
After the completion of this paper, we learned about the work [78] , where it is developed a new halo independent method and is used to estimate the unmodulated DAMA signal, based on the profiling of the likelihood function over velocity distributions.
A Analytical derivation of the optimized velocity distribution
In this Appendix we present an alternative method to calculate the optimized scattering rate and velocity distribution, and which can be solved analytically when the number of constraints is small. Concretely, we illustrate the method calculating the velocity distribution that minimizes the scattering rate at a direct detection experiment, given an upper limit on the capture rate from a neutrino telescope, and given the normalization constraint on the velocity distribution.
To this end, we first fix the time-dependent velocity of the Earth to the value giving the smallest recoil rate. This prescription also simplifies the initial problem of calculating a threedimensional dark matter velocity distribution, as the optimized solution depends only on the modulus of the velocity. The minimization problem can be formulated as:
and C({a
where we have cast the decision variables as a
to ensure that they are non-negative. To minimize the objective function we introduce the Lagrangian
with λ 1 and λ 2 Lagrange multipliers, and where s 2 is a (non-negative) slack variable, introduced to recast the upper inequality constraint Eq.(33) into an equality constraint. The minimization conditions are:
Eq. (37) is satisfied either when λ 2 = 0 or when s = 0. Note that the latter case corresponds, following Eq. (39), to saturating the inequality constraint, C = C max , while the former, to a strict inequality C < C max . Let us discuss each case separately.
A.1 C < C max (or λ 2 = 0)
In this case, Eq. (35) reads
which implies that only one among the n decision variables, that we label as a v 1 can be nonvanishing. Furthermore, from Eq. (36) one obtains that the velocity v 1 is determined by the condition
The velocity v which satisfies the previous equation corresponds to a maximum of R v . However, extrema of the function R v may also occur at the boundaries of the region where v is defined. Indeed, it is clear that a minimum arises for any stream velocity below the threshold required to induce an observable recoil, in particular for v = 0. We then conclude that when the cross section is such that C < C max for all streams, one possible choice of the optimized velocity distribution corresponds to a single stream with zero velocity, giving a scattering rate equal to zero:
A.2 C = C max (or s = 0)
In this case, the upper limit inequality Eq. (33) is saturated. Then, Eq. (35) reads
which implies that two decision variables, a v 1 and a v 2 are non-vanishing, while the remaining n−2 decision variables vanish. The Lagrange multipliers are easily obtained from this equation, the result being:
whereas the weights of the corresponding two streams can be found from Eqs. (38) and (39):
Since C(v) is a monotonically decreasing function, it follows that a solution exists only when 0 ≤ v 1 ≤v andv ≤ v 2 ≤ v max , wherev is defined by the condition C(v) = C max . Finally, one can determine the velocities of the two streams using Eq. (36):
These two equations are simultaneously fulfilled if v 1 =v − v 2 =v + with → 0, which implies, following Eq. (39), thatv =v. Let us denote this solution as I. On the other hand, and as already mentioned for the case C < C max , the extrema may not lie on the interior of the domain where the functions are defined, in this case 0 ≤ v 1 ≤v andv ≤ v 2 ≤ v max , but they may also lie at the boundary. We then find four more possible solutions, that we denote as II, III and IV and V:
solution III :
solution IV : 
We note that the function C 0 −Cmax C 0 −Cv R v entering in Eq. (49) for solution III is the product of a monotonically decreasing function times a function that contains a maximum. Therefore, the minimum can only exist at the boundaries, either at v 2 =v or at v 2 = v max .
To summarize, the minimum of the scattering rate occurs for one of the six following velocity distributions:
, with → 0 andv defined by Cv = C max , giving a rate
II.
IIIa. f IIIa = δ(v −v), withv defined by Cv = C max , giving a rate
IIIb.
, giving a rate
IV. f IV = δ(v −v), withv defined by Cv = C max , giving a rate
V. f V = δ(v −v), withv defined by Cv = C max , giving a rate
Namely,
It is clear that solutions I, IIIa, IV and V are identical. Furthermore, taking into account that the capture rate for streams decreases monotonically with its velocity, C v 1 ≤ C 0 , and that for zero velocity the capture rate vanishes, R 0 = 0, one obtains
Hence, solutions IIa, IIb, IV and V turn out to be included in solutions I and II, and the minimal rate can be simply calculated from:
being the optimized velocity distribution the one corresponding to the minimal rate.
B Dark matter search experiments
In this Appendix, we provide details about the characteristics of the experiments which are relevant to reproduce our results.
DAMA The DAMA experiment [69, 79] searches for dark matter via the distinctive feature of an annual modulation of the event rate. The energy resolution is depicted in figure 20b of [79] and can be parametrized as follows:
σ(E ee ) = (0.448 keVee) · E ee keVee + 0.0091 · E ee ,
where E ee denotes the recoil energy in keVee (electron equivalent energy). Besides, we take for the efficiency in the energy bin [E − , E + ], i (E R ) = Φ (Q i E R , E − , E + ), where Q i is the quenching factor for the isotope i, and Φ(Q i E R , E − , E + ) is the probability that an event with a nuclear recoil energy E R , and hence with a quenched energy of Q i E R , is detected in the energy bin [E − , E + ]. Following [80] , we assume this probability to be Gaussian. Finally, we adopt as quenching factors Q Na = 0.30 and Q I = 0.09 as used by the DAMA collaboration [71] . In our analysis we also take into account the channeling effect, which was studied in detail in [72] .
PandaX We calculate the limits from PandaX Run 8 [63] and Run 9 [64] by incorporating the detection efficiency from figure 2 of [64] and assuming an energy threshold of E th = 1.1 keVnr.
With a combined exposure of 3.3 × 10 4 kg × days, PandaX observed three events below the median of the NR calibration band, which leads to N max = 6.7. Furthermore, we multiply the event rate by an additional factor of 0.5 to account for the fact that only half of the nuclear recoil band is used.
PICO-60
To obtain limits from the PICO-60 experiment, we follow [65, 81] and incorporate the bubble efficiency which is given by the dashed lines in figure 4 of [81] . Furthermore, we use an exposure of 1167 kg×days as reported in [65] . Since PICO-60 observed no signal events, we conservatively assume a 90% C.L. upper limit on the number of recoils of N max = 2.3.
SuperCDMS The SuperCDMS experiment [76] recorded data between October 2012 and June 2013, resulting in a total exposure of 577 kg×days. The energy dependent efficiency is given in figure 1 of [76] and the dark matter search window is defined between 1.6 keVnr and 10 keVnr. After unblinding, SuperCDMS observed 11 candidate events which leads to an upper limit of N max = 16.6 at 90% confidence level. [75] is the planned successor of LUX [82] and ZEPLIN [83] . LZ further refines their successful detection technique and is expected to increase the fiducial mass from 145 kg to 5.6 tonnes. After running for 1000 days, this will result in an unprecedented exposure of 5600 tonnes×day. Due to the similar detector technique as LUX and Panda X, we adopt the same efficiency as in LUX, taken from figure 2 of [84] and a nuclear recoil acceptance of 0.5.
LUX-ZEPLIN LUX-ZEPLIN (LZ)
Neutrino telescopes In order to calculate the capture rate of dark matter particles inside the sun, we use the density profile from the solar model AGSS09 [57] . For the SI interactions, we include the 29 most abundant elements inside the sun and assume the Helm form factor [59] . We take into account the scattering off hydrogen and 14 N when calculating the capture rate induced by SD interactions and we use the SD form factors provided in [61] . For this study, we adopt the latest results of IceCube [66] and Super-Kamiokande [67] . For Super-Kamiokande, we use DarkSUSY [85] to convert limits on the neutrino flux induced by dark matter annihilations into limits on the capture rate.
